ABSTRACT. Let denote a field with nontrivial discrete valuation. We assume that is complete with perfect residue field . Let denote the group of -rational points of a reductive, linear algebraic group defined over . A -torus in is said to be unramified if it splits over an unramified extension of . We show that, up to equivalence, the set of pairs´ Ìµ, where is a facet in the Bruhat-Tits building of and Ì is a maximal -minisotropic torus in (the connected reductive -group associated to ), parameterizes the set of -conjugacy classes of maximal unramified tori in . When is quasi-finite and is connected and splits over an unramified extension, we use the above parameterization to explicitly describe the set of -conjugacy classes in the stable conjugacy class of an unramified strongly regular semisimple element of . Finally, we generalize the above parameterization to include -conjugacy classes of pairs´À Üµ where À is a maximal rank unramified subgroup of and Ü is a hyperspecial vertex in the reduced building of À .
A torus in is called unramified if it is the group of -rational points of a torus in AE which splits over an unramified extension of . In this paper we classify -conjugacy classes of maximal unramified tori in in terms of equivalence classes of pairs´ Ìµ. Here is a facet in the building, is the connected reductive -group associated to , and Ì is an -minisotropic maximal torus in .
In more detail: Let Á Ø denote the set of pairs´ Ìµ where is a facet in ´ µ and Ì is a maximal -torus in . In Ü3.2 we define on Á Ø an equivalence relation, denoted .
In Ü3. 3 we associate to each element´ Ìµ ¾ Á Ø a -conjugacy class ´ Ìµ of maximal unramified tori in . The set Á Ø is too large, so we restrict our attention to the subset Á Ñ of minisotropic pairs in Á Ø . A pair´ Ìµ ¾ Á Ø is said to be minisotropic if the maximal -split torus in Ì coincides with the maximal -split torus in the center of .
We now state Theorem 3.4.1, the main result of this paper. Let Ì denote the set ofconjugacy classes of maximal unramified tori in .
Theorem. There is a bijective correspondence between Á Ñ and Ì given by the map which sends´ Ìµ to ´ Ìµ.
If is Ô-adic and is connected and -split, then this result can be derived from some work of Paul Gérardin [8] . If is Ô-adic and is unramified, then Waldspurger [16] stated a variant of this result as a hypothesis.
We remark that if is algebraically closed, then Ì and Á Ñ both have one element. In this case, the element of Ì is the -conjugacy class of maximal -split tori in , and Á Ñ consists of those pairs´ Ìµ where is an alcove in ´ µ and Ì is a maximal torus in .
From Lemma 2.1.1 a maximal unramified torus in is the group of -rational points of a maximal Ã-split torus in which is defined over . From a theorem of Steinberg (see, for example, [13, Chap. II Ü3. 3 and Chap. III Ü2.3]) AE is quasi-split over Ã. Thus, the centralizer in AE of a maximal unramified torus of is the group of -rational points of a maximal -torus in . Since this correspondence is one-to-one, our theorem also provides a classification of the -conjugacy classes of maximal tori of which arise in this way.
Additional results. In Ü4 we use the above result to give an explicit description of the set ofconjugacy classes in certain stable conjugacy classes. More precisely: Suppose is quasi-finite and is connected and Ã-split. If´ Ìµ ¾ Á Ñ and Ì ¾ ´ Ìµ, then for ¾ Ì for which ´µ Ì we describe the set of -conjugacy classes in
´ µ
Finally, in Ü5 we present a generalization of the main result. Let denote the set ofconjugacy classes of pairs´À Üµ where À is a maximal rank unramified subgroup in and Ü is a hyperspecial point in red´À µ, the reduced Bruhat-Tits building of À. We classify the elements of in terms of equivalence classes of pairs´ Àµ. Here is a facet in ´ µ, and À is an -cuspidal maximal rank connected reductive subgroup in .
Additional comments. The main result (Theorem 3.4.1) was circulated as a preprint in 2001. I later realized that the main result could be generalized to include Theorem 5.3.6. The next version of the paper (not circulated) gave a proof of Theorem 5.3.6 and presented Theorem 3.4.1 as a corollary; unfortunately, the transparency of the original argument was lost. Consequently, in this version I have chosen clarity over brevity: the two proofs are separated (and another result, Theorem 4.5.1, has been added). I thank Gopal Prasad for his many helpful comments on the first version of this paper. I thank Mark Reeder for allowing me to use his proof of Lemma 4.2.1. This paper has benefited from discussions with Jeff Adler, Roman Bezrukavnikov, David Kazhdan, Robert Kottwitz, Amritanshu Prasad, Gopal Prasad, Mark Reeder, Paul J. Sally, Jr., and Jiu-Kang Yu. It is a pleasure to thank all of these people.
NOTATION
In addition to the notation discussed in the introduction, we will require the following.
1.1. Basic notation. Let denote the residue field of Ã. Note that is an algebraic closure of . Let Ð´Ã µ which we also identify with Ð´ µ.
We denote by AE the group of -rational points of the derived group AE of AE .
When we talk about a torus in , we mean the group of -rational points of a -torus in AE .
In order to avoid a proliferation of superscripts, we adopt the following convention. We shall call a subgroup of a parabolic subgroup of provided that it is a parabolic subgroup of AE .
We adopt a similar convention with respect to tori and Levi subgroups. If
If a group Ä acts on a set Ë, then Ë Ä denotes the set of Ä-fixed points of Ë. For a Levi -subgroup Å of a parabolic -subgroup of , we identify ´Å µ in ´ µ.
There is not a canonical way to do this, but every natural embedding of ´Å µ in ´ µ has the same image.
For ª ´ µ, we let ×Ø ´ªµ denote the stabilizer of ª in and Ü ´ªµ denote the point-wise stabilizer of ª.
Given a maximal -split torus Ë of which is defined over we have the torus Ë Ë´ µ in and the corresponding apartment ´Ëµ ´Ë µ in ´ µ. Let , and ¼ (in particular, is defined over ). Sometimes, we will abuse notation and denote by (resp., · , resp., ´Ãµ ¼, resp., ´Ãµ · ¼ ) the group ¼ (resp., · ¼ , resp., ´Ãµ , resp., ´Ãµ · ). The group is unramified provided that is connected, -quasisplit, and Ã-split.
TORI OVER AND
In this section we show how to move between tori over and tori over .
2.1. Maximal unramified tori. We recall that a torus Ì of is unramified if Ì is the group of -rational points of a -torus Ì which splits over an unramified extension of . We shall call a torus Ì as above an unramified torus of . The following result will be used throughout the remainder of the paper. Let Ì × be the maximal -split torus in Ì. Let Ì × denote the -split torus in corresponding to the image of Ì ×´Ã µ ´Ãµ in ´ µ. We have that Ì × is the maximal -split torus in Ì. If we embed ´Ì × Ãµ in ´Ì Ãµ ´ Ãµ in the natural way, then we have ´Ì ×´ µµ ´Ì µ.
As in the proof of part (2) we may choose a maximal -split torus Ë of such that ´Ì µ ´Ë µ and Ì × Ë. Since is a maximal facet in ´Ì µ, we have that an affine root of with respect to Ë, , and is zero on ´Ì ×´ µµ ´Ì µ if and only if it is zero on . It follows that Ì × is the maximal -split torus in the center of . Thus´ Ìµ ¾ Á Ñ .
" (4) 
A PARAMETERIZATION OF CONJUGACY CLASSES OF MAXIMAL UNRAMIFIED TORI
In this section, we present a parameterization of Ì via Bruhat-Tits theory.
3.1. Strong associativity. Following [10, 11] , in [5, Ü2.3] the concept of strong associativity is developed. We recall the definition and some of its consequences. We are now prepared to introduce a relation on Á Ø . Definition 3.2.1. Suppose´ ½ Ì ½ µ and´ ¾ Ì ¾ µ are two elements of Á Ø . We will write´ ½ Ì ½ µ ´ ¾ Ì ¾ µ provided that there exist an apartment in ´ µ and ¾ such that
Lemma 3.2.2. The relation on Á Ø is an equivalence relation.
Proof. We will verify that the relation is transitive. The proofs that the relation is reflexive and symmetric are easier and left to the reader.
There exist ¾ ¿ ¾ and apartments ½¾ and ¾¿ in ´ µ such that
Moreover, we have that In this section we assume that is quasi-finite and is Ã-split and connected. We recall that is quasi-finite provided that is perfect and is isomorphic to . Suppose that is a strongly regular semisimple element of (that is, a regular semisimple element of whose centralizer is connected) such that ´µ is a maximal unramified torus of . In this section, we provide an explicit description of the set of -conjugacy classes in the stable conjugacy class of . When is finite, this description is useful for harmonic analysis. Choose a topological generator ¾ for . Since preserves , it acts on Ï . Two elements
This defines an equivalence relation on Ï , and the partitions associated to this equivalence relation are called -conjugacy classes. Fix a maximal -split torus Ì of . Since is -quasi-split, it follows that , the centralizer of Ì in , is a maximal -torus. We let AE denote the normalizer of Ì in and identify its absolute Weyl group with Ï AE . As above, we partition Ï into -conjugacy classes. 
Lemma 4.2.1. There is a natural bijective correspondence between the set of ´ µ-conjugacy classes of maximal -tori in and the set of -conjugacy classes in Ï.

Proof (Mark Reeder
Fix a strongly regular element Ø ¾´ µ´ µ. It will be enough to show that
Thus, it is enough to show
However, Equation (2) 
and similarly
Ï´ µ Û Ì AE Thus, it is enough to show that the bijection works for a single element of Ç ´Ìµ.
Let Ì denote the maximal unramified torus of for which Ì Ì´ µ. (2) and (3) 
A PARAMETERIZATION FOR MAXIMAL RANK UNRAMIFIED SUBGROUPS OF
We return to our original assumptions on and . This section presents a generalization of the material in ÜÜ2-3. As a by-product of the way in which this paper was written, the material presented below borrows heavily from the presentation there. Proof. Let Ì be a maximal -torus in À (and hence in ) which contains a maximal -split torus of À. Let¨´À Ìµ denote the -root system of À with respect to Ì. As in Lemma 2.3.1, let Ì be a lift of Ì to a maximal Ã-split -torus Ì in . We think of¨´À Ìµ as a subset of¨´ Ìµ, the root system of with respect to Ì. Let À be the Ã-split full rank subgroup of whose group of Ã-rational points is generated by Ì´Ãµ and the root groups in ´Ãµ corresponding to elements of¨´À Ìµ. Note that À is defined over , and, by construction, the image of 
´À Ãµ
